Abstract. Finiteness spaces constitute a categorical model of Linear Logic (LL) whose objects can be seen as linearly topologised spaces, (a class of topological vector spaces introduced by Lefschetz in 1942) and morphisms as continuous linear maps. First, we recall definitions of finiteness spaces and describe their basic properties deduced from the general theory of linearly topologised spaces. Then we give an interpretation of LL based on linear algebra. Second, thanks to separation properties, we can introduce an algebraic notion of totality candidate in the framework of linearly topologised spaces: a totality candidate is a closed affine subspace which does not contain 0. We show that finiteness spaces with totality candidates constitute a model of classical LL. Finally, we give a barycentric simply typed lambda-calculus, with booleans B and a conditional operator, which can be interpreted in this model. We prove completeness at type B n → B for every n by an algebraic method.
Introduction
In the 80's, Girard has been led to introduce linear logic (LL) after a denotational investigation of system F. The basic idea of LL is to decompose the intuitionistic implication into a linear one and an exponential modality. Many intuitions behind LL are rooted in linear algebra and relate algebraic concepts with operational ones. For instance, a linear function in the LL sense is a program (or a proof) which uses its argument exactly once and LL shows that this idea is similar to linearity in the algebraic sense. Can we use vector spaces and linear maps for interpreting LL? In the exponential-free fragment of LL, this is quite easy, since all vector spaces can stay finite dimensional: it is sufficient to take the standard relational interpretation of a formula (which is a set) and to build the vector space generated by this set. However, the exponential modality introduces infinite dimension and some topology is needed for controlling the size of dual spaces. Indeed, we want all spaces to be reflexive, that is, isomorphic to their second dual, because duality corresponds to linear negation which is involutive.
There are various ways for defining interpretations with linear spaces. Among them, the interpretations based on linearly topologised spaces [1, 6] have the feature of not requiring any topology on the field . This is quite natural, since the topology of the field is never used for interpreting proofs. Introduced first by Lefschetz in [15] , these spaces are geometrically quite unintuitive (their basic opens are linear subspaces whereas usual basic opens are balls). They provide nevertheless the simplest setting where formulae of LL can be seen as (topological) linear spaces as shown by Ehrhard when he introduced finiteness spaces [6] .
There are two ways of considering finiteness spaces:
Relational finiteness spaces: they can be seen as a refinement of the relational semantics of linear logic, in which the semantics of proofs is the same as the standard one (proofs are interpreted as relations For describing these categories, we use the duality presentation whose importance has been emphasised by models of Classical Linear Logic such as phase semantics. Even the definition of coherence spaces [9], usually described by means of a binary symmetric and reflexive coherence relation ¤ X on a set |X|, can be reformulated through duality [10] . We will freely use the terminology of [12] -a survey of the different duality presentations and in particular of models of linear logic by double orthogonal. The partial orthogonality between the subsets c and c of |X| is given by
A coherence space can then be seen as a pair X = (|X|, C(X)) where |X| is a countable set and C(X) is a subset of P(|X|) (the powerset of |X|). Moreover, C(X) is required to be ⊥ coh -closed, that is equal to its second dual for the duality induced by the orthogonality:
⊥⊥ . The elements of C(X) are the cliques of X, those of C(X) ⊥ are the anticliques. The category of coherence spaces and cliques is an orthogonality category.
The category of relational finiteness spaces and finitary relations (a refinement of standard relations) also constitute an orthogonality category with respect to the finite orthogonality defined as follows: let u and u be two sets,
A relational finiteness space is a pair X = (|X|, F (X)) where |X| is a countable set and the set F (X) of finitary parts is ⊥ fin -closed. The elements of F (X) ⊥ are the antifinitary parts. We carry the relational finiteness in the linear world by considering the linear subspace of |X| generated by finitary linear combinations, that is families x = (x a ) a∈|X| such that their support |x| is finitary. The finite orthogonality between supports (|x| ⊥ fin |x| ) implies that the pairing between a finitary linear combination x and an antifinitary one x is well-defined:
x , x = a∈|X| x a x a = a∈|x|∩|x| x a x a is a finite sum.
The notion of totality, introduced by Girard [8] in denotational semantics, is used for interpreting proofs more closely. It often gives the means to prove completeness results as in Loader [16] . Girard-Loader's totality is described by an orthogonality category up to a slight modification of the partial orthogonality:
